Introduction
Let (M, g) be a compact Riemannian manifold with universal covering M . The simplest asymptotic invariant which can be associated to (M, g) is the exponential growth rate h(g) of volume on the universal covering, called the volume entropy. Due to the compactness of M , this limit exists and is independent of p ∈M [17] . Further asymptotic invariants are obtained by the dynamical properties of the geodesic flow induced by the metric g. For each flow invariant measure µ, h µ (g) denotes the measure theoretic entropy and h top (g) denotes the topological entropy of the geodesic flow. In this note we compare the volume growth and the measure theoretic entropy for a pair of metrics on the same manifold. Some of the results are similar in spirit to the entropy comparison theorems of A. Katok [12] . Crucial for the proofs will be an asymptotic comparison of the distance functions for a pair of Riemannian metrics called the geodesic stretch. Given a pair g 0 , g of Riemannian metrics on M , the geodesic stretch I µ (g 0 , g) measures the "stretching"of the metric g relative to a reference metric g 0 and a measure µ invariant under the geodesic flow induced by g 0 (see Section 2) . In the general setting, this notion has been introduced in a paper by C. Croke and A. Fathi [5] , where it is called intersection, since it can be viewed as a generalization of Thurston's intersection theory of curves and measured foliation on surfaces. Using those quantities, we will prove in Section 3 the following theorem.
Theorem 1.1. If (M, g 0 ) is a compact space with no conjugate points and with ergodic geodesic flow, then for every metric g on
where µ L denotes the Liouville measure induced by the metric g 0 .
Remark. a) A. Manning [17] proved that the volume entropy h(g) is less or equal to the topological entropy h top (g). Equality holds in general only if the metric has no conjugate points [9, 17] .
b) The assumption of no conjugate points is necessary for the metric g 0 . For instance, on the two dimensional sphere, there exist ergodic metrics with positive measure theoretic entropy [4, 7] but, of course, the volume entropy is zero for every metric. However, there might be a chance to remove the assumption of ergodicity for g 0 . Let g 0 now be a metric of strictly negative curvature. If we replace the Liouville measure by the Bowen-Margulis measure µ BM of g 0 (this is the unique measure of maximal entropy, i.e. h µ BM (g 0 ) = h top (g 0 ) = h(g 0 )), we will prove Theorem 1.2 in the third Section. 
where c = h(g) h(g 0 ) and (SM ) g denotes the unit tangent bundle with respect to g.
Remark.
a) The inequality in the case where both metrics are of negative curvature has been also obtained using different methods by M. Burger [3] . He shows that equality holds if and only if the marked length spectra are proportional. It is known [10] that this also implies the existence of a conjugating homeomorphism. However, so far only a sketch of his proof is available. b) Recently Besson, Courtois, and Gallot [2] proved that a locally symmetric metric of negative curvature is the unique global minimum of h on the space of metrics with normalized volume. More precisely, they obtained:
If (M, g 0 ) is a compact locally symmetric space of negative curvature and dim M ≥ 3, then for all other metrics g on M
where the inequality is strict unless g and g 0 are isometric up to a scaling. c) It has been proved by J.P. Otal [20] that two metrics of negative curvature on a surface with time preserving conjugacy of their geodesic flows are isometric.
Combining these results, we obtain: 
It seems to be likely that the condition on the volumes is vacuous. For instance, if the conjugacy is C 1 the volume of the two metrics automatically coincides [6] . We conjecture that also for dim M ≥ 3 the geodesic stretch distinguishes between iso-entropy metrics of negative curvature up to isometry. By Corollary 1.3, this is equivalent to the statement that a time preserving conjugacy is induced by an isometry.
In [13] , we proved that the topological entropy restricted to the metrics of negative curvature is a C ∞ functional. Let g be a negatively curved metric on M and denote by Conf(g) the space of Riemannian metrics conformally equivalent to g. Then, as we have shown in [14] , h : The following statement will be proved in Section 4. Remark. a) If Conf(g) contains a locally symmetric metric then this metric is the critical point since in this case the Liouville-and the Bowen-Margulis measure coincide. In particular, for surfaces of negative curvature, as has been shown in [14] , the only critical points are metrics of constant negative curvature. b) If Conf(g) does not contain a locally symmetric metric, it would be interesting to compute the minimal conformal entropy given by
Does there exist a metric g 0 ∈ Conf(g) with vol g 0 (M ) = 1 which admits the minimal conformal entropy? If λ 0 (g) denotes the bottom of the spectrum of the Laplacian onM with respect to g and
c) Corollary 1.5 has been independently obtained by G. F. Robert [22] using convexity properties of the volume entropy.
Before proving the theorems, we would like to begin by recalling some basic facts about the geodesic stretch (see also [5] ).
Geodesic stretch
Let M =M/Γ be a compact manifold, whereM denotes the universal covering and Γ the group of covering transformations. Fix two Riemannian metrics g 0 and g on M . For each vector v in the unit tangent bundle (SM ) g 0 of g 0 and each t ∈ R, consider the geodesic c v (s) with respect to the Riemannian metric g 0 and initial
) be the distance of the endpoints of the segmentc v (s), 0 ≤ s ≤ t with respect to the metric g lifted ontoM . It is an easy consequence of the triangle inequality that the map a(v, t) is a subadditive cocycle for the geodesic flow Φ g 0 induced by the metric g 0 , i.e.
The following corollary is a consequence of the subadditive ergodic theorem [24] .
Corollary 2.2. Let µ be a Φ g 0 invariant probability measure. Then
Moreover, we have:
Definition 2.3.
is called the geodesic stretch of the metric g relative to g 0 and the measure µ. Furthermore,
is called the energy with respect to µ, g 0 , g.
Lemma 2.4. With the notations above, we obtain the following inequality:
Equality implies the existence of a constant e > 0 such that 
we obtain:
This yields the inequality. Since the last estimate above is the CauchySchwarz inequality, equality implies g(v, v) = e for a positive constant e and almost all v ∈ (SM ) g 0 . If the measure µ is positive on open sets, equality implies g = e · g 0 . Furthermore, we have:
Therefore, each g 0 -geodesicc v on the universal covering is minimizing. Hence, there are no conjugate points.
Entropy comparison
Since any two Riemannian metrics g, g 0 on a compact manifold M are equivalent, there exists a constant a > 1 such that for all measurable sets A in the universal coveringM , the estimate
holds. Therefore, we can take the volume element of any metric to measure the exponential growth rate of balls on the universal covering. More precisely, we have:
where B g r (p) is the geodesic ball of radius r about p ∈M with respect to the metric g.
The measure theoretic entropy h µ L (g) with respect to the Liouville measure can be obtained as an integral over the sum of the Lyapunov exponents. If g is a metric without conjugate points, there is a geometric description. For each vector v ∈ SM , let J v (t) be the Jacobi tensor (i.e. J v (t) is a linear endomorphism of the normal space ofċ v (t) solving the Jacobi equation) along the geodesic c v (t) with initial conditions
denotes the determinant of this endomorphism, the limit
exists for almost all v ∈ SM and defines an integrable function such that
See [9] for details. Now we are able to prove Theorem 1.1 stated in the introduction.
Proof of Theorem 1.1. Since the geodesic flow of g 0 is ergodic with respect to g 0 , we have:
for almost all v ∈ (SM ) g 0 , where J v denotes the Jacobi tensor induced by the metric g 0 and with initial conditions as above.
For > 0 and T > 0 consider the sets
and
For all δ, 0 < δ < 1 and > 0 we can find a T ( , δ) such that
Since µ L is a probability measure, we have that
Using the canonical decomposition of the Liouville measure, we obtain for a fixed δ < 
and, therefore, we obtain forp =c
Integrate this relation; there exists a constant d 2 such that
and, therefore, using Lemma 3.1
Since > 0 is arbitrary, this proves the theorem.
In order to prove the next theorems, we need to recall some basic facts about the asymptotic geometry of a simply connected spaceM of negative curvature.
Given a metric g of negative curvature, the ideal boundaryM (∞) is defined to be the set of equivalence classes of asymptotic geodesic rays [8] . If one chooses a point p ∈M , the map G p (g) : S pM →M (∞) which associates to each v ∈ S p M the geodesic ray c v (t) with initial conditioṅ c v (0) = v is a bijection. The topology onM (∞) induced by G p (g) is called the sphere topology. It is well known that the sphere topology is independent of p. It is a consequence of a Lemma by M. Morse that the ideal boundary depends only on the quasi-isometric structure ofM , i.e. it can be described in terms of quasi-rays. 
A quasi-isometric map ϕ : R →M is called a quasi-geodesic. 
Proof. See [19] and [15] .
Call two quasi-rays equivalent if their Hausdorff distance is bounded. From the Morse Lemma, it follows that we can identify the set of equivalence classes of asymptotic geodesic rays and the equivalence classes of quasi-rays. In particular, this implies that the ideal boundary of two equivalent Riemannian metrics g 1 and g 2 of negative curvature on the same manifold coincide. The sphere topology does not change, since for each p ∈M , the map 
This series converges for s > h(g) and diverges for s ≤ h(g). For a fixed p, a fixed x ∈M and s > h(g), define a finite measure onM ∪M (∞) by
.
(s) measures the distribution of the orbit of x under Γ as viewed from p ∈M . We obtain a measure at infinity if we consider a weak limit 
where s n > h(g). Since P s (x, y) is diverging for s = h(g), it follows that µ
where b q (p, ξ) is the Busemann function with respect to the metric g, normalized in such a way that b q (q, ξ) = 0 and b q (p, ξ) tends to −∞ as p tends to ξ. b q (p, ξ) can be interpreted as the signed distance between the horospheres through p and q with common center in ξ.
. One should think of µ g as measuring a given set at infinity from different observation points. It turns out that the map µ g with property a) and b) is uniquely determined up to a constant. This follows from the fact that the action of Γ is ergodic with respect to the measure class defined by any such family µ g . The ergodicity of the action of Γ onM (∞) can be proved along the lines of [23] . This measure class (Patterson-Sullivan measure) has been first considered by Patterson [21] in the case of Fuchsian groups and by Sullivan [23] in the study of discrete group actions on the hyperbolic space. However, the construction can be extended to general compact manifolds of negative curvature [11] . For a different representation of µ g see [16, 25] . For us the following local property of µ g will be crucial [23] . Define pr g p : M →M (∞) to be the projection ofM ontoM (∞) by geodesic rays with respect to g emanating from p (the image of a set A ⊂M can be interpreted as the shadow of a set at infinity produced by a "light" source at p). For a fixed constant R > 0, there exists a constant c > 1 such that
where B(x, R) is a ball of radius R about x for a fixed metric on M equivalent to g. Now we will prove the first part of Theorem 1.2.
Theorem 3.4. Let (M, g 0 ) be a compact manifold of negative sectional curvature. Then for every metric g on
Proof. Since the geodesic flow of g 0 is ergodic with respect to the BowenMargulis measure µ BM , we have
We remark that the triangle inequality and the fact that the two metrics are equivalent imply the existence of the limit for all vectors on a fixed weak stable manifold if it exists for one vector. The measure µ BM can be realized as
p is the normalized PattersonSullivan measure with respect to g 0 and dt denotes the integration along the flow lines. Furthermore, β p (ξ, η) is twice the Gromov product and is given by
where c p,ξ is the geodesic with c p,ξ (0) = p and c p,
is the initial vector of the geodesic c p,ξ , the above remark and the structure of µ BM imply that
For all > 0 and T > 0, we define the set
From the above statement follows that for a fixed d ∈ (0, 1) and all > 0, there exists T > 0 such that µ 
From the definition of the set A T, p , the triangle inequality, and since the metrics g and g 0 are equivalent, all the balls B(x i , R/4) are contained in the geodesic ball B g (p, c 1 + t(I µ BM (g 0 , g) + )) with respect to the metric g for a t-independent constant c 1 . Now we can estimate the volume of the large B g -ball by the volume of the disjoint union i∈I B(x i , R/4) and obtain, using *
where d 2 is another positive and t-independent constant. This concludes the proof of Theorem 3.4, by the same argument as in Theorem 1.1.
To prove the second part of Theorem 1.2, we need some preparations.
Lemma 3.5. Let (X, µ) be a probability space, T : X → X a µ-preserving ergodic transformation, and a : X × N → R a measurable subadditive cocycle. Assume that there exists a constant b > 0 such that
Then there is a constant a ∈ R such that for µ-almost all x ∈ X we can find a sequence n j → ∞ such that
Proof. We have the impression that Lemma 3.5 is known [3] but since we did not find a reference for the proof, we include a proof in the appendix.
Let (M, g 0 ) be a compact manifold of negative curvature and g any other metric. Consider two points p, q ∈M and the geodesic segment c g 0 : I →M with respect to g 0 connecting p and q. Then, by the Lemma of M. Morse, there exists a constant r > 0 not depending on the choice of p and q and a g-geodesic segment c g : J →M such that the Hausdorff distances of their images is bounded by r. Therefore, the subadditive 
Proof. The proof is a consequence of Lemma 3.5 and arguments similar to those given in the proof of Theorem 3.4.
Proposition 3.7. Let (M, g 0 ) be a compact manifold of negative curvature and g another negatively curved metric. Then
implies that the Patterson-Sullivan measures of g 0 and g are equivalent.
Proof. Choose a point p ∈M . We will find for µ
The following proposition can be derived from a slightly modified version of arguments given in [10] . For the sake of completeness and the benefit of the reader, we would like to include a sketch of the proof. 
We have
h(g 0 ) t and we get
The Γ-equivariance of F is an easy consequence of the Γ-equivariance of the measures.
The second part of Theorem 1.2 is now a consequence of the Propositions 3.7 and 3.8.
Further applications
The following results are a combination of applications of Theorem 1.1 and the first part of Theorem 1.2, and are consequences of the fact that the geodesic stretch can be estimated from above by the energy (Lemma 2.4 and [5] ). 
If g is conformally equivalent to
Moreover, both inequalities are strict, unless g and g 0 are identical up to a constant and
Proof. From Lemma 2.4, it follows that
Together with Theorem 1.1, this implies:
By Lemma 2.4, equality holds if and only if g = eg 0 for a positive constant e. But then we have h(g)
and, therefore, it follows that
e .
Let g be conformally equivalent to g 0 , i.e. g = ϕg 0 for a function ϕ : M → R. Then it follows, using Jensen's inequality,
Remark. 
Furthermore, the second inequality is strict unless g 0 = g.
Proof. This follows from the Theorem 4.2 and Bishop's inequality.
Let R vol (M ) be the space of Riemannian metrics with negative sectional curvature and volume one. In [14] , we proved, that g 0 is a critical point of h : R vol (M ) → M if and only if
for all symmetric two-forms ξ on M . 
where equality holds if and only if the metrics are identical up to a constant.
Proof. The proof is an immediate consequence of Theorem 4.2.
For each metric g ∈ R vol (M ), let Conf(g) be the space of Riemannian metrics conformally equivalent to g.
for all continuous functions f : M → R, where π : SM g 0 → M is the canonical projection [14] .
This leads to the proof of Corollary 1.5 stated in the Introduction. Remark. This shows that in each conformal class there can be only one metric for which the Bowen-Margulis measure and Liouville measure projected onto M coincide (see also [22] ).
Appendix
Proof of Lemma 3.5 . Since a(x, n) is a subadditive cocycle, lim n→∞ a(x, n) n = a for almost all x ∈ X.
Without loss of generality, we can assume a = 0 (otherwise consider a(x, n) − na). In a similar way, one proves that A j = {x ∈ X | a(x, n) ≤ −c for all n ≥ j} has measure 0. Let B be the set of all x ∈ X which does not have the desired property, i.e. B = {x ∈ X | ∃n 0 (x) ∈ N such that |a(x, n)| ≥ c ∀n ≥ n 0 (x)}.
If we define C l = {x ∈ X | |a(x, n)| ≥ c, n ≥ l}, we can write B = ∪C l .
Since µ(C l ) = 0, we have that µ(B) = 0. This implies the assertion of the lemma.
